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Pshenichnyi [1] obtained the necessary and sufficient conditions for the capture by a group of pursuers
of a single evader in the problem of simple pursuit with equal resources of the players. The only extension
of the given problem is Pontryagin’s example [2] with many participants and identical dynamic and inertial
resources of the players. The problem has already been examined [3] for the case where matching of
the phase coordinates is a condition of capture. In the present paper, matching not only of the phase
coordinates but also of the velocities is a condition of capture. On the assumption that the roots of the
characteristic equation are real and non-positive, sufficient conditions of capture are obtained in terms
of the initial positions. For inertial objects, the conditions are obtained for the capture by a group of
pursuers of at least one evader, provided that all evaders use the same control. The present paper touches
on earlier investigations [2-6].

1. THE CAPTURE OF A SINGLE EVADER

In the space R* (k > 2), we consider a differential game I of n + 1 persons: n pursuers P, P, ..., P,
and an evader E. The law of motion of each of the pursuers P; has the form

x(l)+a1x(’ Dy etax; = u, weV (L.1)

The law of motion of the evader E has the form

y(l)+a,y('“”+ otay=v, veV (1.2)
Here, x;, y;, u; and v € Rk, ag, ..., q € RY and Visa compactum. When ¢ = 0, the initial conditions
x90) = xy, ¥P0) =y, a=0,..,1-1
are specified, where x% #y5 and x¥ #y). Here and below, unless otherwise stated, i = 1,2, ... , .

Deﬁmtzon 1. In game T, “soft” capture occurs if 7 > 0 and the measurable functions u,(t) =
ui(t, x%, 5, v,(")) € V are such that, for any measurable function v(-), v(t) € V, t € [0, T], time
t€ [0, T] and a number g € {1, 2, ..., n} exist such that

xqm = (1), £,(1) = ¥(D)

Instead of systems (1.1) and (1.2), we will examine the system

1 -1
Z()+alz( " cotaz, = u-v, u,veV (1.3)

2:(0) = 2 = Xeg— Yo - 20 (0) = Z9_y = Xy 1=, (1.4)
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We will denote by @, (¢ = 0, 1, ..., /- 1) the solutions of the equation

vo)( +a,0 ol V4 wetaw =0

with initial conditions

@) =0,...,0° 20) =0, ©?0) =1, 09*P0)=0,..,0 "0) =0

Assumption 1. All the roots of the characteristic equation
Mead '+ 4020 : (1.5)

are real and non-positive.
We will denote the roots of Eq. (1.5) by Ay, ..., A; (Ay < Ay < ... < A), and their multiplicities
respectively by &, ... , k;. ‘

Lemma 1. Suppose Assumption 1 is satisfied and A; = 0. Then @;_1(¢) 20,¢,_(tf) 20 for all £ > 0.

Lemma 2. Suppose Assumption 1 is satisfied and A; < 0. Then

(1) o;_1(t) 20forallz > 0;

(2) a 1o > 0 exists such that @, _1(¢) >0¢ € (0, Tp), ¢;-1(t) < 0,1 € (T, ).
The assertions of Lemmas 1 and 2 follow from a well-known result [7, p. 136].
Further, let

I-1
g = Y oDz

k=0

Then &; can be represénted in the form

-1
A;
& = Y e Py
j=t ‘
where P; are polynomials. We will assume that degPy; = k,— 1 = yfor all, otherwise the pursuers initially
achieve satlsfactlon .of the given condition, selecting thelr controls u(t) in a fairly small time segment

such that the coefficients of #' in the polynomlals P are non-zero.
We will consider the case

A, =0, k.22 (1.6)
and introduce the notation

sl)w(' 1)

e t=1) @ (2-7) fi(t-1)
M@, 1) = mm{ , }, R(f,t,7) = ) —————
1 'Yty_l jgl (- T)Y :

Lemma 3. Suppose Assumption 1 and condition (1.6) are satisfied. Then, for any 7' > 0

4

llij(t 1)dt = oo

t— oo
Proof. The functions ¢;_,, ¢;_ can be represented in the form
@ 1(t-1) = a(t-0)'[1 +g,(t-1)]

@ (t=1) = ay(t-1)" " [1+g,(1-1)]

where
¥-1 y-1

git-1) = Y -+ R(P,1,7), gt-T)= Y,

r=o(t- T) 1=1(t- T)y

+R(Q,t 1)
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Suppose € € (0, 1) and t € [0, &]. Then ¢t -1 2 (1 — &)t and
Y

Ay _r
lg (-1 < Y —r—l-y—l-;+21(t) = Ay (1)
r= lt -
s lbv—r] 2
lg2t-) < Y T),n: (1) = Ay(1)
r=1 -
where
1 max_|P;(s-1) max |Q;(r-1)|
k A(1-ey g 1 te [0, 1] 2 Te [0, et)
() = e’ ci(), ¢c(t)s ———— ()= ——
jgl ! ! f(1-¢) ! v l1-g)’!

Since A(f) and A,(f) = 0 where t — o, 9 time T, exists such that [A;(f)] < 1/2 and |Ax(#)| < 1/2 for all t > Ty
Therefore

0 1(t-12 Ya -1, @ -12 Yaye-1)'!

forallt > Ty and T € [0, &1].
Hence, for all (¢, T) such that T > T and e > T, the inequality

H Er

[ 43
ats T
J'M(t, t)dtsz(t, ‘t)d‘tZJ—y(t—T)d‘c—-)N when f— oo
T T 12 e

holds.
Further, let
2 = Lm P/, MA, V) = sup{A|A20,-A4 A (V- ) %0}
t—> o0 B

8 = inf maxA(z, v) >0
veV i

ﬁssumption 2. The function A(Z, v) are continuous at all points of the form (2}, v) for which
}\«( is 'U) > (.

Lemma 4. Suppose Assumptions 1 and 2 and condition (1.6) are satisfied and § > 0. Then a time T
exists such that, for any admissible function v, a number i will be found such that 4(T) < 0, where

T
h(0) = 1= [B(T, 7, v(r))dr
0

Bi(t, 7, v) = sup{A|A20, -AZLE;(1), ) e L(@,_,(t-7), )(V-0)}

fne

£(f(r) 1) = ‘ . 1
iy ™)

Proof. Note that
BT, v) = nﬁn{‘p_"L('—_ﬂ},(gL('_), v), Mﬂl(gﬂ v)}

-1 -1
tY t'Y .Yty ,Yt'f

Since

2 = tim 2 = jim 5O
1= eo ty l—)oo-YtY_l

a moment T exists such that
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for all ¢ > T and v € V. We will consider continuous functions 4;, taking into account that

T

[maxB(T, 7, v(t))dt

h(0) = 1, Y h(T)Sn-
i 0

Suppose T > T,. Then

maxB,(T, T, v(t)) 2 gM(T, 1)
i
and therefore

T T

[maxBy(T, 1, v(1))dr 2 ng(T, T)dt = g(T)
o ! T,

Consequently, Za(T) < n - g(7T). SinceTlim 8(T) = +co, amoment 7 and a number i exist such that 4,(T}) < 0.
— oo
Let

T
T:inf{TZO: inf maiji(T,t,v(T))d'er}
0

v(-)e Ty i

where Q(T) is the set of all measurable functions v defined in the segment [0, T] and taking values
inV.
By virtue of Lemma 4, T < co.

Theorem 1. Suppose Assumptions 1 and 2 and condition (1.6) are satisfied and 6 > 0. Then, in game
I, “soft” capture occurs.

Proof. Letv: [O,f] — V'be an arbitrary admissible control of the evader E and ¢, be the least positive
root of the function 4 of the form

t

h(t) = 1 -mngﬁi(f, 1, u(1))dt
"o

Let #;(t) be the lexicographic minimum among the solutions of the system
BT, T, v EE(D) T) = Lo, (T-1), D(u~v(1))

We set the controls of the pursuers P;, supposing that u,(t) = i:t). We assume that Bi(f’, 1,0(1)) =0
when 1 € [t,T]. Then

A
L), 1) = LED, D)+ [L(@ (T -1, DY (u(1) - v(1))dr =
0

f

= L&), (D) = LED), T)(l - j BT, 7, u(:))d:J =0
0

The theorem is proved.
We will consider the case

1.7
and introduce the notations

, At
_1{t-1T)e
M (t 1) = min{cpl_l(t__,c)’(m_‘(__)__

7 } 2o =] 7

f'(r)e_;""'/tu
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In this case

s-1 s-1 s-1
o1 = S0, &0 = TP+ & = Y e 0

r=1 j=1 ji=1

Let degQ,_(t) = . We assume that Q, _,(¢) # 0 and degQ, _1,(f) = u for all i. Let z} = tlim Q, _ 1/t
-3 o0

Lemma 5. Suppose Assumption 1 and condition (1.7) are satisfied. Then, for any 7 > 0
t

lim [M, (1, T)dt = o
T

t — oo

Proof. The functions ¢;_,,®,_, can be represented in the form

@ (1-1) = a,+g,(t-1)
Q=1 = TV — A b1+ gy(1- D))

where
-] A(t-1)
g (t-1) = Ze' Pi(t-1)
j=1
5-2 =2 00-)

8(t-1) = 2

j=1

L. u-1
Qj(t T)+2 b,

(-1 Y (2o 3

Letee (0,1) and t € [0, e]. Then ¢ ~ T 2 (1 — €)t. Therefore, for gi(¢ — t) and g,(¢ — 1), the inequalities
gi{(t-1)sA;(1)

hold. Here, A(t) — 0 when ¢ — . Consequently, a time T, exists such that

Ao y(0-T)

O (1= 21R2ay, ¢ (t-1)2112¢ (t-1)by)

s-1

for allt > Ty and 1 € [0, ef]. Hence

G (t-De "I 2 12(1 - )b

s—1

and therefore, for all T > T

1 £t
_[Ml(t,‘t)d’cZJad‘t—éoo when t— oo
T T

Further, let

8 = inf maxmin{?»(z?, V), 7»(2,-1, v}
veV |

Assumption 3. The functions A(z}, v) and A(z}, v) are continuous at all points (z}, v) and (z{, v) such
that A(z?, v) > 0 and Az}, v) > 0.

Lemma 6. Suppose Assumptions 1 and 3 and condition (1.7) are satisfied and & > 0. Then, for any
admissible function v, a time T and a number / exist such that 4(T) < 0, where

Bi(t, T, v) = sup{A|A 20, -AZL,(§,(r), 1) € E,(9,_(r-7), ) (V-0)}

Proof. From the condition 8 > 0 it follows that, for any v € V, a number i exists such that Az}, v) > 0 and
Mz}, v) > 0. By virtue of Assumption 3 and the condition

, A,
2 = limE(r), z = lim&(ne
t > oo {00

!
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a time T exists such that, for all ¢ > T, the inequality

infmaxmin{A(E(t), v), A(&,-(:)e‘*""/z", v}z g
v i

holds.
Let T > Ty. Then
8 T
Y h(T)<n —EJ'M,(t, T)dt = n-g(T)
i T,

According to Lemma 5, g(T) — « when T — . Therefore, a time T and a number i exist such that 4,(Tg) < 0.

Theorem 2. Suppose Assumptions 1 and 3 and condition (1.7) are satisfied and 8 > 0. Then, in game
T', “soft” capture occurs.

Proof. Let v : [0, f"] — V' be an arbitrary admissible control of the evader E and ¢, be the smallest
positive root of the function 4. Let #;(t) be the lexicographic minimum among the solutions of the system

BT, 1, v(NLE(D, T) = Ly(0,_ (T -1), TY(u - v(1))

We set the controls of the pursuers P,-,( supposing that #;(t) = #(t). We assume that Bi(f‘, 1,0(1)) =0
when 1 € [ty, T). Then

t
Lz, 1) = L1, D)+ [Li(@iT - 1), D(u(1) - v(x))dt =
0

= L&), Dt = LD, T){l - j BT, v(t))dt) =0
0

The theorem is proved.

Suppose

B W

it
Lo, 1) = =]
2 £ f(r)/A,

“Ag —At

L (t-T —¢,_(t-1

My, 1) = min{(Pz i ( . Je ’ 0, 1(t7 Je }

Lemma 7. Suppose Assumption 1 is satisfied and A; < 0 and € € (0, 1). Then, a time T exists such
that, forany T > T

14

lim [ My(1, 7)dt = o
T

f ~—> oo

Proof. The functions ¢;_;, -, ; can be represented in the form

@ (t-7) = ay(t;t)yel‘('_t)(l +8,(1,71)

)yelx(' -1)

—¢;_1(t-1) = a,(-A)(t-1 (1+g,(t; 7))

where
s-1

gl('vt) = Z

j=t

Y-1
RORSO Pt-v) | a

(t-va, /2 oe-t"!

s-1 v-1
oy-ae-n_ Q1) b,
L1T) = e +

i=1
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Let 1€ (0, ). Thent -1 2 (1 - €)t, and therefore
181(1 )| SA(1),  |ga(8, 1) S Ay(0)

and here Ay(?) and Ay(f) - 0 whent — .
Consequently, a time T, exists such that [g(4, T)| < 1/2 and |g,(¢, 1)| < 1/2for allt > Ty and 1 € (0, &2).
Therefore

—ht At , At y At
@ (t-De " _ay - 7)e Qi(t-De " ay(t-1)'e (A
Y - Y ’ Y Y

t t t t

forallt > Tyand t€ (0, €). .
Let7T > Ty, et > T,1(1-€) 2 13and t € (0, &). Then
€t

€t ¥ A
jM2(t’ T)d’t > J‘C(I_;‘?_E___
T T

t
dt— o when oo
t

'Further, let

At
20 = lim gi(t)e—y-, 8 = inf max\(z), v
t— oo t veV | :
Note that
2 = lim 50
el 4 ¥

Lemma 8. Suppose Assumptions 1 and 2 are satisfied and A, < 0 and & > 0. Then a time T exists
such that, for any admissible function v, a.number i will be found such that 4,(T) < 0, where

BT, T, v), if T-1>1,

Bi(T, T’ U) = {
0,if T-1<1,
B/ (1,7, V) = sup{A[A20, AL, (E(1), 1) € Lo(@,_,(t=1T), H(V = V)

(here 1 is the positive root of the function ¢;_).
The proof is similar to the proof of Lemma 6.

Theorem 3. Suppose Assumptions 1 and 2 are satisfied and A; < 0 and 8 > 0. Then, in game I, “soft”
capture occurs.

The proof is similar to the proof of the corresponding theorems for A; = 0.

We will denote by intX, riX and coX respectively the interior, relative interior and convex shell of
the set X C R

Example 1. Systems (1.3) and (1.4) have the form

G=u-v, z(0) =z, #(0) =z; |u)<1, Jol<1
Then A = 0, k1 = 2, @y(f) = 1 and ¢(1) = ¢, and therefore
En) = g +1zf, B =g
Assertion 1. Suppose 0 € Intco{z}, ..., z;}. Then, in game T, “soft” capture occurs.
Example 2. Systems (1.3) and (1.4) have the form
435422 = u-v, uf <1, fol<1

z(0) = Z?o’ £,(0) = Z?l’ Z(0) = Z?z
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Then

_ _1—21_ -t 2 = 2 1
Po(t) = 1, (p,(t)—2e 2e +2, (pz(t)-2e e +2

and therefore

2l o 1o 3
§ (t) =e€ t(2 + 22,2) + e ( 2211 12) + Z:O + zz?l + 2zt2
We assume
1
Z? = Z?o + 31?1 + izgzv Zil = 22?1 + 2?2

2
We also assume that z0= 0 and z} = 0.

Assertion 2. Suppose

minmaxmin { k(z?, V), k(z,-l ,0}>0

Then, in game T, “soft” capture occurs.

2. PURSUIT OF A GROUP OF EVADERS

Suppose the laws of motion of n pursuers Py, ... , P, with controls i; and of m evaders Ey, ... , E,, with
controls v have the form

¥=u, fu<1, y; =0 (o<1 2.1

0 ,
x(0) = &, %(0) = x, y;(0) =], ¥;(0) =y, x#y, x =y (22)
Note that all the evaders use the same control.

Definition 2. In game I, “soft” capture occurs if a time T > 0 and measurable functions
0 0
ui(t) = ui(t, X Yoo 0,(+)), "u,(t)" s1

exist such that, for any measurable function v(*), ||v(#)|| < 1,¢ € [0, T], a time T € [0, T] and numbers
ge{l,2,...,n}Yandre {1, 2, ..., m} exist such that

x(1) = y,(7), %,(7) = y(7)
Instead of systems (2.1) and (2.2), we will examine the system
Z'ij = U=, ZU(O) u’ Z,](O) = zl_[ (23)

We will assume that the initial data are such that
(a) for any set of indices I C {1, ..., n}, [I| 2k + 1, the condition

Intco{x,.l,ie IN#Q

holds;
(b) any k vectors from the set {x} — —y! is yl =yl s # r} are linearly independent.

Theorem 4. Suppose
Intco{x; } N co{y;} # @ (2.4)
Then, in game T, “soft” capture occurs.

Proof. From the conditions of the theorem it follows that n + m > k + 2. By virtue of a well-known
result ([8, Lemma 3]) the sets / C {1, ... ,n} andJ C {1, ... , m} exist such that
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rico{x,, i € I} Nrico{y}, je J} #@
and |I| + |J| = k + 2. We will assume that
I={l,...q} J={1,..01}

where g + I = k + 2. From a well-known result [§, Lemma 2], the system {z,lj, iel, je J} forms a
positive basis. If |J| = 1, then “soft” capture follows from Assertion 1. We assume that |J| > 2. Let
A =yé—y[15. Thenz), =z} + S forallie I,oe Jand o # 1.

Therefore {z},ie I, ¢, o e J, a = 1) from a positive basis. Since n 2k + 1, theng + o -1 €
{g+1,...,n}forall @ e Jand a # 1. By a well-known result ([8, Lemma 1]), the system

{zipi€ 2y g y+hcl ael oz}
forms a positive basis. By virtue of Lemma 4 a time T > 0 exists such that, for any admissible function

("), a number i will be found such that

T
1~ [Bu(T, 7, v(m)dr <0
0

where
f)
g3(f(r)’ t) = t
f(r
Bii(t, T, v) = sup{A]A 20, —k§£3(§j1(t), e La((t-1), )(V - v)}
En(t) = Z?1+z,!1t, iel
Egra- (D) = Zgra i+ Zgraon +HEDL @€, axl, V= {v:|v|<1}
Suppose

T
T, = inf{ninfmaxjﬁ,l(r, 1, 0(T))dT > 1}

v j 0
v(-) is an arbitrary control of the evaders and ¢, is the smallest positive root of function 4 of the form

¢

h(r) = 1-max[B;,(Ty, T, v(v)dt
j
0

Let () be the lexicographic minimum among the solutions of the system
-B;1(To, T, V(1) E;5(E;1(Ty), Tp) € E3((Ty— 1), Ty)(u — (1))

We specify the controls of the pursuers, assuming u,(¢) = 7;(t). We also assume that B;;(T, 1, V(1))
= 0 and 1 € [t1, Tg}. Then, from the system (2.3) we obtain

2,0 = Z:lh,’(t), iel
. 1 o 1 [+ (25)
Zgea-nD+Zgg 11 +HEy = (Zgpq-nn U DB o (1), ae ], az]

From the definition of Ty it follows that a value of r exists for which 4,(Ty) = 0. If » € I, then, by
Theorem 1, in game I, “soft” capture occurs. If &, , ,_11(Tp) = 0 at a certain y € J, y # 1, then

2y +y-11(Tg) = —pcl.
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We will show that
rico{%(Ty), i€ I} nrico{y(Ty),je J} #D (2.6)

Using equality (2.5) and the relation
Zia(To) = £(To) + ¢y = 2;)(To) + zila" Z

for all o € J, oo # 1, we obtain

Zia = Lia(To) = 20(T) +2iy = Zig(To) + Hyiy(To),  HYy = (1= hy(To))hyy(To)

According to the condition, the system {z}j, i € I,j e J} forms a positive basis, and therefore the system
{20 (Tl hiy(To), 4i0(To) + Hiyziy (To), € I{1}}

forms a positive basis. Since 4;1(To) € (0, 1], the system {z;(Tp), i € 1, j € J} forms a positive basis.
Hence, using a well-known result [8, Lemma 2], we obtain relation (2.6). Since z, . o, 11(Tp) = —pcfo
and condition (2.6) is satisfied, then, using a well-known result [8, Lemma 4], we obtain

rico{%,(To), i € I, iy s o _11(To)} Nrico{y(Te).j€ 1, j€ I} # D

Assume o, = 2. Further, we suppose that
I={12..,q9+1}, j=1{2,..,0}

For the sets I and J, the condition (2.4) holds, and here the number of evaders participating in the given
condition has been reduced by one. Taking T as the initial time, we repeat our reasoning until the number
of evaders becomes equal to one. We will have

rico{X,(t),ie I} nrico{y; (1), je J}#QD

at a certain instant T > 0, and here |I| = k + 1and |J| = 1. Now, capture follows from Assertion 1.
The theorem is proved.

Theorem 5. Suppose
Intco{x,-l} N co{yjl.} 3]

Then, in game I, digression from “soft” capture occurs.
The proof follows from a well-known result [9].
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